We have developed a semi-analytic framework to model the large-scale evolution of the first Population III (Pop III) stars and the transition to metal-enriched star formation. Our model follows dark matter halos from cosmological N-body simulations, utilizing their individual merger histories and three-dimensional positions, and applies physically motivated prescriptions for star formation and feedback from Lyman-Werner (LW) radiation, hydrogen ionizing radiation, and external metal enrichment due to supernovae winds. This method is intended to complement analytic studies, which do not include clustering or individual merger histories, and hydrodynamical cosmological simulations, which include detailed physics, but are computationally expensive and have limited dynamic range. Utilizing this technique, we compute the cumulative Pop III and metal-enriched star formation rate density (SFRD) as a function of redshift at z 20. We find that varying the model parameters leads to significant qualitative changes in the global star formation history. The Pop III star formation efficiency and the delay time between Pop III and subsequent metal-enriched star formation are found to have the largest impact. The effect of clustering (i.e. including the three-dimensional positions of individual halos) on various feedback mechanisms is also investigated. The impact of clustering on LW and ionization feedback is found to be relatively mild in our fiducial model, but can be larger if external metal enrichment can promote metal-enriched star formation over large distances.
INTRODUCTION
The standard model of cosmology has enabled theoretical predictions for the formation of the first stars in the Universe (for a recent review see Greif 2015) . These first Pop III stars are expected to form in pristine ∼10 5−6 M⊙ dark matter halos known as "minihalos" at very high redshift. Because essentially no metals are present, gas in minihalos can only cool through molecular hydrogen transitions, and cannot achieve the low temperatures possible with metal cooling. This results in a higher Jeans mass in Pop III star forming gas compared to gas forming metal-enriched stars. Therefore, the first stars are thought to be more massive than metal enriched stars formed later in the Universe, with typical masses of ∼ 50−1000 M⊙ predicted by simulations (e.g. Hirano et al. 2015) .
In addition to studying the properties of individual Pop III stars, it is interesting to predict the total abundance of Pop III star formation as a function of cosmic time and the transition to metal enriched star formation. Ultraviolet (UV) and X-ray photons produced by Pop III stars and their remnants can potentially have an important impact on the thermal and ionization history of the intergalactic medium (IGM) in the early Universe. Thus, the abundance ⋆ evisbal@flatironinstitute.org of Pop III stars has implications for high-redshift (e.g. z ∼ 20) radio observations of the redshifted 21cm line of neutral hydrogen (e.g. Visbal et al. 2012; Fialkov et al. 2013 ) and measurements of the optical depth and polarization of the cosmic microwave background (CMB) (e.g. Kaplinghat et al. 2003; Visbal et al. 2015; Miranda et al. 2017) . Additionally, if Pop III stars form in large numbers, they may explain the black hole binaries detected by the Laser Interferometer Gravitational-Wave Observatory (LIGO) (Abbott et al. 2016) , and also produce a corresponding stochastic GW background detectable with the advanced LIGO+Virgo network (Inayoshi et al. 2016) . Finally, the abundance of Pop III stars is important for "stellar archaeology" of very low metallicity stars in the Milky Way which could have formed early in the Universe (e.g. Hartwig et al. 2015 Hartwig et al. , 2016 . los which can host Pop III star formation, with higher LW flux corresponding to higher minihalo mass required for star formation. Previous generations of Pop III stars produce a background of LW radiation which prevents subsequent star formation in low mass minihalos. Eventually the LW background is high enough to prevent star formation in all minihalos and star formation can only proceed in halos with virial temperatures greater than ≈ 10 4 K, where atomic hydrogen cooling can operate efficiently. Note that if Pop III star formation is dominated by stars that are only a few M⊙, infrared photons may be more important for feedback than LW photons (Wolcott-Green & Haiman 2012 ), however we assume that Pop III stars are massive throughout this paper.
Ionizing radiation can also impact Pop III star formation by photoevaporating gas out of minihalos (Shapiro et al. 2004; Iliev et al. 2005 ) and suppressing metal-enriched star formation in larger dark matter halos (e.g. Shapiro et al. 1994; Thoul & Weinberg 1996; Gnedin & Hui 1998; Gnedin 2000; Dijkstra et al. 2004; Hoeft et al. 2006; Okamoto et al. 2008; Sobacchi & Mesinger 2013; Noh & McQuinn 2014; Visbal et al. 2017) . Additionally, metals produced in stars and spread throughout the Universe via supernovae winds can pollute minihalos, preventing Pop III star formation and triggering metal-enriched star formation (Bromm et al. 2001; Omukai et al. 2005; Wise et al. 2012; Smith et al. 2015) .
Previous efforts to predict the global evolution of the first stars have generally taken one of two approaches, analytic modeling usually based on the extended Press-Schechter formalism (e.g Mesinger et al. 2005; Wyithe & Cen 2007; Haiman & Bryan 2006; Visbal et al. 2015; Magg et al. 2016) or hydrodynamic cosmological simulations (e.g. Maio et al. 2010; O'Shea et al. 2015; Xu et al. 2016) , each of which has its benefits and drawbacks. Generally speaking, analytic work can test many model parameterizations very quickly, but information about individual halo merger histories and spatial clustering of halos is not included (though see Scannapieco et al. (2003) for an analytic treatment which does include clustering). On the other hand, hydrodynamical simulations can include detailed physics, but are computationally expensive, permitting only relatively small boxes compared to the horizon of LW photons and sparse sampling of the uncertain model parameter space. Additionally, N-body simulations with radiative transfer have simulated reionization with Pop III stars by including minihalos as a subgrid prescription (Ahn et al. 2012) , but this cannot carefully account for local feedback processes on small scales. Another approach has been to perform large-scale semi-numerical modeling, where individual halos are not considered, but fluctuations in the LW background are included on scales encompassing the LW photon horizon (Visbal et al. 2012; Fialkov et al. 2013) .
In this paper we develop a new semi-analytic technique to study the evolution of the first Pop III stars and the transition to metal-enriched star formation. We utilize dark matter-only N-body simulations (which resolve individual minihalos) and then apply a prescription to include Pop III and metal-enriched star formation. This is similar in some respects to semi-analytic models of galaxy formation used at lower redshifts (Lu et al. 2014) . The prescription presented here includes LW and ionization feedback as well as external metal enrichment (i.e. metals coming from a halo which is not a progenitor of the halo being enriched) due to supernovae winds. These semi-analytic simulations contain both merger history and clustering information not present in analytic approaches, but are much less computationally expensive than full hydrodynamical simulations. This allows us to survey a wide range of physics at a relatively low computational cost. We utilize our model to test a variety of different parameterizations of early star formation and feedback mechanisms.
We find that varying the assumptions regarding the physics of the first stars, in particular the Pop III star formation efficiency and the delay time between Pop III star formation and subsequent metal-enriched star formation in the same halo, can result in qualitative changes to the large-scale evolution of the SFRD. Additionally, we use our model to test the impact of the small-scale clustering of individual halos on feedback effects, which has been suggested as potentially important (Kramer et al. 2006) .
We note that our approach is similar to those of ), Agarwal et al. (2012 , and Crosby et al. (2013) , however here we consider a more detailed model, which extends these studies by simultaneously including spatial fluctuations in LW feedback, ionization feedback, and external metal enrichment. This paper is structured as follows. In §2 and §3, we describe the N-body simulations utilized in the model and the details of our semi-analytic model, respectively. We present the results for a range of parameters and discuss the importance of clustering in §4 and discuss comparisons with previous work in §5. Finally, we summarize and discuss our conclusions in §6. Throughout, we assume a ΛCDM cosmology with parameters consistent with Planck Collaboration XVI (2014): Ωm = 0.32, ΩΛ = 0.68, Ω b = 0.049, h = 0.67, σ8 = 0.83, and ns = 0.96.
N-BODY SIMULATIONS
We produce the cosmological N-body simulations needed for our model with the publicly available code GADGET2 (Springel et al. 2001) . For the results discussed below, our simulations contained 1024 3 particles in a 5 Mpc box. This corresponds to a particle mass of 4600 M⊙. Thus, 10 5 M⊙ minihalos are resolved with ∼ 20 particles each. A gravitational softening length of 160 pc was used. Initial conditions were generated with MUSIC (Hahn & Abel 2011) using second order Lagrangian perturbation theory. The simulation was started at z = 200 and we take snapshots at ∆z = 1 from z = 40 − 20. The upper limit of this redshift range corresponds to the point when the first stars in our simulation box form (a larger box would have the first star at higher redshift). By the lower limit of this range, metal-enriched star formation dominates over Pop III in the model parameterizations we have explored. To build merger trees, we use ROCKSTAR (Behroozi et al. 2013a ) and CONSISTENT TREES (Behroozi et al. 2013b) . In Figure 1 , we show the number of halos found in our simulation compared to estimates from the Sheth-Tormen mass function (Sheth & Tormen 1999) . At z = 20 we find very close agreement with our simulations and Sheth-Tormen, but at higher redshift we find that this mass function overpredicts the number of halos by a relatively modest amount (e.g. a factor of ∼2 at z = 30). Throughout, we use the virial mass definition from Bryan & Norman (1998) .
SEMI-ANALYTIC MODEL

Basic framework
We have developed a semi-analytic model to study the large-scale properties of the first Pop III stars and the transition to metalenriched star formation. Our model utilizes merger trees from Nbody simulations including the three-dimensional positions of dark matter halos. Prescriptions for star formation and feedback are applied to these merger trees to determine the star formation history throughout the simulation box as a function of redshift. In Figure  2 , we show a projection of the metal-enriched and Pop III starforming halos in this model for the fiducial case described below.
In order to model star formation and feedback at high temporal resolution, we use a simple scheme to track dark matter halos between output snapshots of the N-body simulation. We divide the period between consecutive snapshots into many equally spaced time steps. This is necessary to accurately track the changes in LW flux due to Pop III stars turning on and off. The lifetime of a massive Pop III star is a few Myr, while towards the end of our simulations the difference between simulation snapshots is over 10 Myr. We have adopted time steps between snapshots of ∼ 0.25 Myr at z ∼ 20 (and smaller at higher redshift), which allows us to resolve changes in LW flux on timescales significantly shorter than the Pop III lifetime.
For a halo which does not experience any mergers between snapshots, the mass of the halo grows (or shrinks in some cases due to interactions with nearby halos) linearly with time such that it has the correct mass at the later snapshot. For cases with mergers (i.e. more than one progenitor halo ending in a single descendant halo), we draw random numbers, sampled evenly in the time between simulation snapshots, to determine when mergers occur. For a set of Np common progenitors, we generate Np−1 random times. The first halo in the set merges into the second at the first time, the second halo (now containing the first) merges with the third at the second time, and so on. Whenever two progenitor halos merge, the mass growth rate of the merged pair becomes the sum of the progenitors' growth rates.
We also assign velocities to halos and track changes in their positions between simulation snapshots. For halos without mergers, we simply assign a constant velocity chosen to transport the halo from its position in one snapshot to its location in the next. For halos with mergers, we assign constant velocities to each progenitor such that each halo meets the halo it merges with at the time of the (randomly assigned) merger. For a set of merging progenitors, when the first halo merges into the second, the merged pair keeps the velocity of the second, when the second merges with the third, the merged pair takes the velocity of the third, and so forth for the rest of the set. Note that consistent with our N-body simulations described below, we consider periodic boundary positions (i.e. a halo that reaches one edge of the box will re-emerge on the other side). Throughout our model, we do not track the substructure of halos. If a subhalo merges with a halo and then subsequently leaves the halo in a later snapshot, we assume that subhalo (distinct halo once it leaves) does not produce any stars. We do this because the subhalo may have had gas stripped during the merger and because we have already assigned it some star formation when it initially merged.
We emphasize that the sub-snapshot prescription described here is not intended to be strictly physical, rather it is intended to allow us to run at very high time resolution without generating large numbers of N-body simulation outputs. We find that when changing the random seeds of the mergers, the large-scale features of our model (e.g. metal-enriched and Pop III star formation rate density as a function of redshift) remain mostly unchanged. We also find that turning the sub-snapshot velocities off (leading to instantaneous jumps in positions when mergers occur) leaves our results essentially unchanged. This suggests that the somewhat arbitrary details of the sub-snapshot physics we have chosen do not have a strong impact on global properties of star formation. Now, we will describe the prescriptions for star formation and the various feedback processes which are included in our model. (Fialkov et al. 2013) . If Mcrit exceeds the atomic cooling threshold, given by
LW feedback
Ma is used for the critical mass instead. This choice of Ma corresponds to the typical minimum mass of haloes that are able to cool in the absence of molecular hydrogen in the simulations of Fernandez et al. (2014) . For each pristine halo at each redshift step, we compute the LW intensity as JLW,21 = J loc (x, z) + J bg (z), where J loc (x, z) is the local flux from nearby individual sources and J bg (z) is the mean LW background on large scales. The local flux is given by
where the summation is over all star-containing halos within comoving distance Rmax = √ 2/2L box and L box is the N-body simulation box size. LLW,i is the LW luminosity of the i'th halo, ∆νLW = 5.8 × 10
14 Hz is the frequency range of LW photons (corresponding to the difference between 11.2 and 13.6 eV photons), and xi is the position of the i'th halo (in physical units). To ensure sources at the edge of the box do not have artificially low values of J loc , we use periodic boundary conditions when computing this quantity (this is also why we have all halos see sources out to the same distance, Rmax). Note that for each halo, its observed J loc is the flux from nearby halos closer than Rmax and its observed J bg is the flux from halos farther then Rmax (making the simplifying assumption that this contribution is spatially uniform with a redshift-dependent intensity taken from the evolving mean emissivity of the box).
The uniform background component of the LW flux is given by
where ǫLW(z ′ ) is the mean LW emissivity in our box as a function of redshift, tH is the Hubble time, and fLW(z ′ , z) the attenuation of LW flux observed at redshift z from sources at redshift z ′ due to LW photons being redshifted into Lyman series resonance lines and absorbed. We approximate this attenuation with Eq. 22 in Ahn et al. (2009) . The mean emissivity is given by
where ELW = 2 × 10 −11 erg is the energy of a LW photon, mp is the proton mass, SFRDIII and SFRDII are the Pop III and metalenriched star formation rate densities, and ηIII and ηII are the number of LW photons produced per baryon incorporated in Pop III and metal-enriched stars (discussed below).
The limit of integration zRmax corresponds to the redshift an observer at z sees a source at Rmax = √ 2/2L box due to the finite light travel time. Note that when we compute the star formation for a particular time step, we use the sources from the previous time steps to compute the LW feedback. Our results converge as we make time steps small.
For the highest redshifts in our simulations, Eq. 4 is not a good estimate for the LW background due to the low number of sources in the box and rapid fluctuations as these sources turn on and off. To address this, above z hi−z = 30 we assume the LW background evolves exponentially as J bg (z) = A exp(−Bz). The parameters A and B are fit iteratively by computing J bg (z) with Eq. 4 from the previous iteration's fit and then re-fitting A and B to the new background. This fitting process is continued until changes are small from iteration to iteration. This iteration is required because one does not know a priori the best values of A and B to assume, thus for the first few iterations the assumed J bg (z) can be much different than the value one gets from fitting the background computed with Eq. 4.
Star formation
The first time a pristine halo exceeds min(Mcrit, Ma) we introduce Pop III stars. For simplicity, we assume that all Pop III stars are of the same mass, MPopIII. Our method can easily be modified in future work to incorporate a distribution of stellar masses sampled from an initial mass function (IMF). The total mass of Pop III stars assigned to a halo is
where fIII is the Pop III star formation efficiency and M h is the total dark matter halo mass (note that fIII = 0 implies one Pop III star per halo). If fIII > 0, massive pristine halos can produce multiple stars. In this case, halos can have a total stellar mass which is equivalent to a fractional number of stars. This choice was made for simplicity and in these cases the number of ionizing/LW photons produced is proportional to the stellar mass formed in Pop III stars. In future work we intend to adopt a more sophisticated treatment of the IMF. We assume the stellar luminosity is constant over the lifetime of the Pop III stars, tPopIII, and characterize it in terms of ηIII, the number of LW and ionizing photons (assumed to be the same) per baryon forming stars. Both tPopIII and ηIII depend on the value of MPopIII and are estimated from the calculations of Schaerer (2002) .
After the death of a Pop III star and possible corresponding supernova, we assume there is some recovery time before the gas can fall back into a halo and begin metal-enriched star formation. Metal-enriched star formation is included in a halo t delay after the earliest Pop III star(s) formed in all of its progenitor halos. Once metal-enriched star formation is present, we assume a star formation rate (SFR) proportional to the mass growth rate of the halo with an additional boost produced by the merger of pristine halos. Thus, the metal-enriched SFR at a particular time step is given by
where fII is the metal-enriched star formation efficiency,Ṁ h is the growth of the dark matter halo due to unresolved accretion discussed above, Mmerge is the total mass of pristine halos which merged with the halo at the time step, and ∆t is the length of the time step.
To compute the LW and ionizing flux of metal-enriched stars we assume that, at a given time, all stars which formed within tPopII emit at a constant luminosity. Thus, the luminosity is given by
where ηII is the number of ionizing/LW photons produced per baryon in metal-enriched stars and mp is the mass of the proton. The parameter tPopII is meant to represent the lifetime of massive stars which produce most of the ionizing/LW radiation.
Ionization feedback
In regions where the IGM has been ionized, we expect the minimum mass of halos hosting star formation to be significantly higher than in neutral regions. We use a simple prescription similar to the approach of Furlanetto et al. (2004) to treat this ionization feedback. To determine if a halo is in an ionized region, we examine a series of comoving spheres of around the halo. For each sphere, we identify all halos contained in the sphere that are producing or whose progenitors produced ionizing radiation and compute the size of the HII region these sources would create. If at the current redshift, the HII region is larger than the sphere (with radius Rs) we assume the halo is in an ionized region. The size of the HII region, Ri, is computed with
whereṄγ is the rate of ionizing photon production in the sphere as a function of time, H(z) is the Hubble parameter, αB = 2.6 × 10 −13 cm 3 s −1 is the case B recombination coefficient of hydrogen at T = 10 4 K, nH is the mean cosmic hydrogen density, and C(z) ≡ n 2 HII / nHII 2 is the clumping factor of the ionized IGM. We assume a clumping factor of
This formula gives values similar to that found in the Illustris simulation for gas below 20 times the mean baryon density (Bauer et al. 2015) . It is also similar to the values found in (Finlator et al. 2012) . We start with a sphere of radius Rs equal to the halo virial radius and check spheres from this radius up to the entire size of the box. We increase the number of spheres used until we achieve convergence. To compute the amount of photons, we assume the same quantity as for the LW photons described above, but reduced by escape fractions of fesc,II and fesc,III for halos with metal-enriched and Pop III star formation, respectively.
If a pristine halo is in an ionized bubble, the minimum mass of star formation is increased to Mion, which we assign a fiducial value of Mion = 1.5 × 10 8 1+z 11
−3/2 M⊙ (consistent with the results of Dijkstra et al. 2004 ). For halos which are already undergoing metal-enriched star formation, we assume that if they reside in an ionized bubble, gas can no longer fall in and star formation is quenched on the dynamical timescale of the halo. In this case, the SFR is attenuated as
where ∆t bub is the time the halo has been in an ionized region and t dyn is the dynamical time at the mean density of the halo, which we approximate as t dyn ≈ 0.1tH. For these halos, we also assume that there is no pristine merger component to the metal-enriched SFR due to photoevaporation (i.e. we set the second term in Eq. 7 to zero).
Metal enrichment
We also include external metal enrichment in our semi-analytic model by considering the size of metal enriched bubbles produced by supernovae explosions. Following Trenti et al. (2009), we assume that after the death of a star, a metal enriched bubble expands at velocity v bub = f bub × 60 km s −1 until it reaches a comoving radius of R bub = f bub × 150 h −1 kpc. Here f bub is a parameter that we switch between 1 and 0 to turn external enrichment on and off. We find that the bubble radius given by this procedure is in rough agreement with the simulations of Smith et al. (2015) .
Pristine halos that fall within the radius of a metal bubble are assumed to be metal enriched. The metallicity of these externally enriched halos is computed by assuming that the metals produced in supernovae are spread uniformly throughout the bubbles. If a halo is hit by more than one bubble, the metallicity is set to the sum of the metallicity of the bubbles. We assume 10 M⊙ of heavy elements are produced per each 40 M⊙ (chosen as the fiducial Pop III stellar mass) of Pop III stars (Nomoto et al. 2006 ) and 1 M⊙ of metals are produced for every 100 M⊙ of metal-enriched stars (this is the approximate metal yield assuming that stars above 8 M⊙ lead to a supernova and ∼ 1 M⊙ of heavy metals are produced per supernova Barkana & Loeb 2001) . If the external enrichment becomes higher than a critical metallicity, Zcrit, we impose a critical mass, Mmin,met, for new (metal-enriched) star formation in these halos and assume Pop III stars can no longer form. For regions with metallicity below this critical value we still allow Pop III star formation. For the calculations presented below we assume a fiducial value of Mmin,met = 2 × 10 5 M⊙. There have been a number of previous efforts to determine the critical metallicity at which cooling leads to significantly smaller stellar masses than in Pop III star formation (e.g. Bromm & Loeb 2003; Omukai et al. 2005; Smith & Sigurdsson 2007; Smith et al. 2009 ). These studies tend to find a critical value around Zcrit ≈ 10 −3.5 Z⊙, which we use as a fiducial value.
In our fiducial model, we do not include external metal enrichment. Because there are many more potential star forming halos in runs when it is included, we slightly simplify the reionization feedback prescription described above to accelerate the computation.
Rather than solve Eq. 9, we simply count the total number of ionizing photons in spheres around a halo and compare it to the number of hydrogen atoms in the spheres. If there are more photons than atoms in any sphere, we consider the halo to be in an ionized region. This gives very similar results to using Eq. 9, which implies that the overall impact of recombinations is small. This is because the rate at which the SFRD increases is much faster than the recombination rate. For example, the recombination time at z = 25 is ∼ 40 Myr and 40 Myr after z = 25 (z ≈ 20), the SFRD density has increased by an order of magnitude. Thus, most of the ionized photons have been produced more recently than the recombination time scale, causing recombination to have a relatively small impact.
Fiducial Parameters
Here we discuss the parameter choices for our fiducial model, which are listed in Table 1 . For metal-enriched star formation, we have adopted an efficiency of fII = 0.05, which we take from Visbal et al. (2015) . This value was determined using abundance matching and the observed UV luminosity function of galaxies at z ≈ 6 from Bouwens et al. (2015) . We have chosen an escape fraction for metal-enriched galaxies of fesc,II = 0.1, which is compatible with the simulations of Wise et al. (2014) for the low-mass halos we follow here, and a number of ionizing photons per baryon of ηII = 4000, which corresponds to a Salpeter IMF from 0.1 to 100 M⊙ and metallicity Z = 0.0004 (see table 1 in Samui et al. 2007) . We note that these values are quite uncertain and could also evolve with redshift, which for simplicity we do not explore in this paper. We also note that our simple assumption of equal numbers of ionizing and LW photons likely underestimates the LW flux by a factor of a few from metal-enriched galaxies. Given the comparable uncertainties in the many of the important parameters (e.g. the evolution of the metal-enriched star formation efficiency), we defer a more careful treatment for future work.
For simplicity we have assumed a single Pop III stellar mass of MPopIII = 40. We note that there is large uncertainty in Pop III masses and in future work we intend to sample from a number of different IMFs (e.g. that from Hirano et al. 2015) . Given our choice of MPopIII, we take the values of ηIII and tPopIII from the stellar models of Schaerer (2002) . We assume that our Pop III stars end their lives as supernovae leading to t delay = 10 7 yr before the gas can settle back into the halo and form metal-enriched stars. This value is consistent with the simulations of Jeon et al. (2014) , but we note that it can change as a function of supernovae energy and halo mass. Below, we explore increasing the value of this delay which could correspond to larger Pop III stars leading to more energetic supernovae. In future work, we will explore making the delay vary from halo to halo based on the Pop III masses, halo mass, and redshift.
In our fiducial model we assume there is no external metal enrichment, f bub = 0. This may correspond to the case where much of the metals from winds do not efficiently mix with dense gas already inside minihalos (Cen & Riquelme 2008 ). As noted above, f bub = 1 gives metal bubbles with radii similar to those found in the simulations of Smith et al. (2015) . We regard this as a realistic possibility and include it in our parameter variations presented below.
RESULTS
In this section, we study how various physical processes in our semi-analytic model impact the large-scale properties of early star formation. We have first simulated a fiducial case, with parameter values listed in Table 1 , as discussed in the previous section. We emphasize that there is great uncertainty in the most realistic values of these parameters, therefore the results here are not intended to be a precise description of the first stars, but instead are meant to show how changes in various parameters can qualitatively alter their global properties. We note that we have used 50 timesteps (evenly spaced in time) between each of our N-body simulation snapshots (taken with ∆z = 1), and that higher resolution does not significantly change our results.
Parameter variations
In Figure 3 , we plot the SFRD of Pop III and metal-enriched stars as a function of redshift, comparing our fiducial model to cases with changes in fIII, t delay , f bub , and the ionizing escape fractions for both metal-enriched and Pop III star-forming halos. To make changes more clear we have smoothed the instantaneous SFRD, at each redshift we plot the mean SFRD over the previous 10 7 yr. Varying these parameters leads to significant changes in the large-scale evolution of the first stars. We find the most significant changes come from varying fIII or t delay . Increasing or decreasing the Pop III star formation efficiency leads to more or less Pop III stars, respectively. By z = 20, there is roughly a two orders of magnitude difference in the Pop III SFRD for fIII = 0 (one Pop III star in each halo) and fIII = 0.005. We note that higher Pop III star formation efficiency also corresponds to a modest decrease in metal-enriched SFR density. This is due to enhanced ionization feedback from extra Pop III photon sources. It has been suggested that there is a self-regulation effect which causes the Pop III SFRD to not depend strongly on the Pop III star formation efficiency (e.g. Haiman et al. 2000) . This arises because an increase in Pop III star formation efficiency elevates the LW background, which raises the minimum mass of star forming halos and reduces the Pop III SFRD. We do not see this effect in the top left panel of Figure 3 because the LW background is caused mainly by metal-enriched stars for most of the redshift range considered in our fiducial model. However, this effect would be seen if we simultaneously increased t delay (discussed below) and fIII.
Increasing t delay leads to a much longer initial period completely dominated by Pop III star formation. This case corresponds to more disruptive supernovae explosions caused by more massive Pop III stars. In general we find, metal-enriched star formation dominates shortly after the first sites of Pop III star formation recover (after t delay ). We note that if metal-enriched star formation is not included in minihalos at all (i.e. only permitted in atomic cooling halos) as was assumed in Visbal et al. (2015) , the results look qualitatively very similar to increasing t delay as in Figure 3 .
In the bottom left panel of Figure 3 , we plot the effect of external metal enrichment, which significantly increases the metalenriched SFRD and modestly decreases the abundance of Pop III stars by polluting pristine halos. We also tested external metal enrichment with Zcrit = 10 −6 Z⊙, which corresponds to the case with dust cooling from Omukai et al. (2005) . This gives essentially identical results as the fiducial value of Zcrit = 10 −3.5 Z⊙. The impact of ionization feedback is shown in the bottom right panel of Figure 3 . For redshifts greater than z ∼ 25, ionization feedback can change the metal-enriched SFRD by roughly an order of magnitude, while at lower redshifts it makes closer to a factor of two difference in the metal-enriched SFRD. The increased metalenriched SFRD due to turning off ionization feedback lowers the amount of Pop III stars initially due to increased LW radiation (see also Figure 5 ).
In Figure 4 , we show the SFRD density when no feedback is included (i.e. no LW/ionizing feedback or external metal enrichment). In this case, both Pop III and metal-enriched SFRDs are approximately an order of magnitude or more higher than our fiducial model. We note that the difference between the fiducial and the no feedback case can be caused by either LW or ionizing feedback. Including either of these processes returns the Pop III/metal-enriched SFRDs much closer to the fiducial case.
Note that jagged fluctuations with time in the SFRDs plotted in Figures 3, 4 , and 6 are due to the finite size of our simulation box. For a much larger box, with many more star-forming halos, we would expect smoothed versions of these curves.
We have also computed the total cumulative abundance of Pop III stars, as shown in Figure 5 . We note that different parameterizations of our model can change this overall amount by an order of magnitude or more. Unsurprisingly, the Pop III star formation efficiency has the largest impact on the total Pop III abundance. External metal enrichment can reduce the abundance due to polluting potential metal-free sources and increasing the LW feedback by producing more metal-enriched stars. Increasing t delay leads to slightly more Pop III stars initially because there are not metalenriched stars which increase the LW background, suppressing Pop III star formation.
Impact of clustering
Next, we investigate the impact of including/excluding spatial clustering in the feedback prescriptions. For LW feedback, when clustering is excluded, only the global large-scale component, J bg , is used. For ionization feedback, ionizing radiation from external halos is no longer considered, however feedback can still occur if a halo (and its progenitors) can ionize a bubble larger than its virial radius, as described above. When clustering is excluded, external metal enrichment is completely disabled. The case without clustering is meant to represent what could be done with merger trees, but without the positions of halos.
In Figure 6 , we show the impact of clustering in the fiducial model and the case with LW feedback, but no ionizing feedback. We find that in both instances the effects of clustering are relatively mild, generally only causing a factor of a two or less difference in the metal-enriched and Pop III SFRDs for the redshifts explored.
The impact of clustering on LW feedback is small because most of the radiation comes from scales larger than our box. While clustering can alter the detailed star formation history of individual halos, it is not important for the global evolution. However, we note though that our simulations do not include clustering on scales larger than the simulation box, as discussed below, which could have some impact.
For ionization feedback, clustering accounts for a small portion of the feedback. The difference in turning off ionization completely (bottom right panel of Figure 3 ) and only turning off clustering (left panel of Figure 6 ) is due to ionizing bubbles created by progenitor halos. Even in the absence of clustering, a halo's progenitors can ionize its location, preventing subsequent star formation. We note that because of this behavior, our "no clustering" case does contain information related to positions of halos' progenitors (for the sake of ionization feedback, we assume they were in the same location). Thus, while our no clustering case represents what could be done with merger trees alone (and no halo positions), it implicitly contains more spatial information than most models based on the extended Press-Schechter formalism.
We note that Kramer et al. (2006) predict a larger impact of clustering than we find in the present work (though a direct comparison cannot be made since the clustering/no clustering cases are defined differently). This is partly because Kramer et al. (2006) only include ionization feedback and not LW feedback. In our model, we find that the impact of clustering is suppressed by LW feedback, since many of the small minihalos which would be affected by clustered ionizing sources already have their star formation suppressed by the LW background. We verify this by computing a model with ionization feedback and no LW feedback. In this case, we find that the clustering/no clustering models have approximately an order of magnitude difference in the Pop III SFRD below z ∼ 34. We point out that the total ionized fraction of the IGM is low at the redshifts explored (less than one percent at z = 20). We expect the impact of clustering on ionization feedback to be larger at lower redshifts.
We note that the effect of external enrichment on the metalenriched and Pop III SFRDs is due entirely to clustering.
COMPARISON WITH PREVIOUS WORK
In this section, we discuss our method and results within the context of previous semi-analytical models of the large-scale distribution of Pop III stars. We emphasize that the most novel aspect of our work is that it simultaneously includes inhomogeneous treatments of feedback from LW radiation, ionizing radiation, and external metal enrichment. use a semi-analytic model based on Nbody simulations to estimate the abundance of Pop III stars. They explored models with inhomogeneous metal enrichment (but constant LW background and no ionizing feedback) and found significant Pop III star formation at late times (z < 6). Agarwal et al. (2012) also explored the abundance of Pop III stars and so-called "direct collapse black holes" using semianalytic models based on N-body simulations. Their model includes spatial fluctuations in the LW intensity, but does not include spatially inhomogeneous reionization effects or external metal enrichment. We find similar values for the global Pop III SFRD, but a much earlier emergence of dominant metal enriched star formation. This is likely due to their assumption that metal enriched star formation can only occur in dark matter halos more massive than 10 8 M⊙.
Another semi-analytic model based on N-body simulations was presented in Crosby et al. (2013) to explore the high-redshift abundance of Pop III and metal enriched stars. Their model is similar to ours, but does not include reionization feedback, spatial fluctuations in LW intensity, or external metal enrichment. We find that our fiducial model gives SFRDs (both Pop III and metal enriched) that roughly agree with this work.
Additionally, there have been a number of works utilizing semi-analytic models to make predictions for Pop III stars which could be found in the Milky Way at z = 0 (e.g. Griffen et al. 2016; Ishiyama et al. 2016; de Bennassuti et al. 2017; Graziani et al. 2017; Magg et al. 2017) . The comparison to these papers is not straightforward, since the N-body simulations are zoom-in runs on Milky Way-sized halos rather than on unbiased patches of the Universe (i.e. with matter density equal to the cosmic mean). Additionally, these studies generally focus on lower redshifts than we explore. In future work, we will apply our model to lower redshifts and ultimately to present day Milky Way-like galaxies.
Semi-analytic models built on N-body simulations have been used in the DRAGONS simulation suite to study galaxy formation and reionization in the high-redshift Universe (see e.g. Poole et al. 2016; Mutch et al. 2016 ). However, in order to model the large scales needed for reionization, a lower dark matter resolution is adopted, the smallest minihalos are not resolved, and Pop III star formation is not included.
We also note that Mebane et al. (2017) recently developed semi-analytic simulations of Pop III stars using an abundance matching technique to track halos (i.e. without utilizing N-body simulations). They find Pop III SFRDs generally consistent with our results.
DISCUSSION AND CONCLUSIONS
We have developed a semi-analytic model of the formation of the first stars. Our technique utilizes merger trees and threedimensional spatial information from dark matter only cosmological simulations. We self-consistently populate the dark matter halos from these simulations with Pop III and metal-enriched stars using physically motivated prescriptions for star formation and feedback.
This approach is intended to provide a middle ground between analytic work, which does not include spatial information or individual halo merger histories, and hydrodynamic cosmological simulations, which include detailed physics but are numerically expensive and have limited dynamic range. Our model includes LW and ionizing feedback, as well as external metal enrichment due to supernovae winds. A number of different physical parameters are included in the model, and can be varied to account for uncertainties in the properties of high-redshift Pop III and metal-enriched star formation.
We have used our model to study the evolution of the SFRD of the first Pop III and metal-enriched stars in the Universe. We find that varying the model parameters leads to qualitative differences in the global features of the star formation history. The Pop III star formation efficiency, fIII, and the recovery time required for gas to fall back into a halo and form metal-enriched stars after Pop III supernovae, t delay , are especially important. Altering t delay can greatly change the duration of time in which Pop III stars dominate, and unsurprisingly, the relative Pop III and metal-enriched star formation efficiencies determine the importance of Pop III stars in the early Universe.
Our model was also utilized to study the impact of halo clustering on the evolution of the high-redshift SFRD (i.e. the importance of the three-dimensional positions of individual halos). We find that the effect of small-scale clustering on LW feedback is modest. This is because most of the flux comes from the background LW component emitted on spatial scales larger than the size of our simulation box. While clustering does expose a small fraction of minihalos to very high LW flux, it does not greatly change the evolution of the SFRD.
We also find that clustering has a relatively small impact when ionization feedback is included at the redshifts explored (z 20). This is because the ionization fraction in the box is quite low at these cosmic times and many halos which would be affected by ionizing feedback already have their star formation suppressed by LW radiation. Additionally, clustering is not very important because this feedback is mainly caused by progenitors of the halos where star formation is suppressed, and thus can be well-approximated without the positions of individual halos. However, as discussed above, ionization feedback may not be accurately captured with analytic work based on the Press-Schechter formalism which does not include merger trees. At lower redshifts, when the total ionization fraction goes up during reionization, we expect the importance of clustering to increase.
Clustering information is necessary for including external metal enrichment, which we find can increase the metal-enriched SFRD and decrease Pop III star formation at high redshift.
There are a number of ways our model can be improved in subsequent work. It is relatively straightforward to extend the star formation and feedback prescriptions, making them much more sophisticated. This can include adding Pop III stars of different masses randomly sampled from an assumed IMF. It will also be possible to vary the supernovae recovery time from halo to halo depending on both the masses of the Pop III stars and the masses of the minihalos. Additionally, it would be advantageous to introduce a more detailed prescription for metal-enriched star formation. For example, it may be important to include changes in star formation due to mergers of star-forming halos or additional negative feedback on star formation due to supernovae explosions. We note however that even though we use a very simple prescription for star formation, our model agrees reasonably well with more sophisticated simulations. In our fiducial model, we find that typical metal enriched halos at z = 20 have halo masses of Mvir ∼ 10 7 M⊙ and total metal-enriched stellar masses of M * ∼ 3000 M⊙, with a factor of a few scatter in each of these quantities, in general agreement with O'Shea et al. (2015) .
We note that one shortcoming of our technique is that the Nbody box size is much smaller than the horizon of LW photons contributing to the LW background (which comes from scales of ≈ 100 Mpc). Thus, while our calculation of the LW background is self-consistent, it does not take into account density fluctuations on scales larger than the box. In future work, it may be possible to combine the model described here with large-scale semi-numerical models such as Visbal et al. (2012) , which do not track individual halos, but follow the total SFR in voxels a few comoving Mpc in size.
We also note that the baryon-dark matter streaming velocity (Tseliakhovich & Hirata 2010; Fialkov et al. 2012) , which can suppress star formation in minihalos, has not been included in the present work. Thus, our results represent a region with low streaming velocity, however the streaming velocity would reduce the background component of the LW flux computed here. It may be possible to address this by combining a number of different semi-analytic simulations that have different values of the local streaming velocity, but that is beyond the scope of this paper.
We have also assumed a LW escape fraction of unity throughout this paper. We do not expect this assumption to have a large impact on our results, however for the case of fIII = 0, we may overestimate the amount of LW emission which escapes the halos (Schauer et al. 2015) .
In future work, we plan to compare our model directly with hydrodynamical cosmological simulations. Matching to detailed simulations will help to identify the most important physical processes which determine the global properties of first stars. We note that, even without any tuning, our fiducial model is generally consistent with more detailed hydrodynamical cosmological simulations (e.g. see figure 2 in Xu et al. 2013 ). We expect a closer match to be achievable by adjusting the parameters and modestly improving of our model (i.e. by adding a more realistic Pop III IMF and halo mass/redshift dependent metal-enriched star formation efficiency).
Given the relatively low numerical cost of this semi-analytic method, it will be valuable for exploring a large range of the highly uncertain parameter space related to the first stars. Potential applications include predictions for high-redshift cosmological 21cm observations, mergers of Pop III remnants detectable with gravitational waves, stellar archaeology in the milky way, and an early partial reionization which can be inferred from observations of the CMB.
